Abstract. We analyse the phase space representation of the optimal measurement of a phase shift in an interferometer with equal photon loss in both its arms. In the local phase estimation scenario with a fixed number of photons, we identify features of the spin Wigner function that warrant sub-shot noise precision, and discuss their sensitivity to losses. We derive the asymptotic form of an integral kernel describing the process of photon loss in the phase space in the limit of large photon numbers. The analytic form of this kernel allows one to assess the ultimate precision limit for a lossy interferometer. We also provide a general lower bound on the quantum Fisher information in terms of spin Wigner functions.
Introduction
The purpose of optical interferometry is to measure a phase difference between two light beams with a high precision. When coherent laser light is used, the precision of such a phase measurement, quantified by the standard deviation ∆φ, is limited by the shot noise equal to ∆φ = 1/ √ N , where N is the mean photon number in the input beam [1, 2] . The shot-noise limit can be surpassed using non-classical light characterized by squeezed quadrature fluctuations [3] [4] [5] [6] or alternatively the N00N state, which is a coherent superposition of a fixed number of N photons all in one or another arm of the interferometer [7, 8] . The use of a N00N state allows one to reach the ultimate bound on the precision derived only from the principles of quantum mechanics, known as the Heisenberg limit [2, 9, 10] and given by ∆φ = 1/N , which offers a qualitatively improved scaling with the photon number N in comparison to the shot noise limit. However, whereas this result holds for an idealised interferometric setup with unit transmission, in any experimental implementation one needs to take into account imperfections with the ubiquitous example of photon loss. In realistic scenarios when attenuation cannot be neglected, N00N states are no longer optimal with respect to precision and should be replaced by other multiphoton superposition states [11, 12] . In certain regimes a nearoptimal precision can be attained by using squeezed states [5, 6, [13] [14] [15] . The non-trivial structure of optimal states and their sensitivity to the loss rate are rather curious and deserve a study to obtain intuition about their specific features.
In the present paper we provide a phase-space description of photon losses in a two-arm interferometer. As the main tool we will use the spin Wigner function [16] [17] [18] [19] , naturally defined for two-mode field states in sub-manifolds with a fixed photon number [20] . It will be shown that such an approach gives intuitive pictorial insights into the form of the optimal states for quantum-enhanced interferometry in the presence of loss [11, 12] allowing one to identify graphically features that are behind enhanced precision of phase estimation. We will analyze the situation when the loss strength is identical in both the arms of the interferemeter, which leads to an essential simplification of the algebraic structure of the problem. In particular, the loss operation commutes with any SU(2) transformation of the two-mode system, allowing an elegant description of the photon-loss process as a convolution of the input Wigner function with an integral kernel. Furthermore, we obtain an explicit asymptotic form of the integral kernel when the input photon number is large, N 1, and the most likely numbers of photons both lost and those appearing at the interferometer output are much greater than one. This asymptotics provides an intuitive insight into the ultimate, optimized over all N -photon input states, precision limit for a lossy interferometer.
Several classes of states relevant to quantum interferometry have been discussed using the phase space picture in [21] . Our focus here is to include the loss transformation in the phase space description and to identify structures that warrant sub-shot noise precision in the presence of photon loss. The derived convolution map for the photon loss allows one also to analyse how losses affect the sensitivity of the input state to the Figure 1 : A general interferometer, where an N -photon two-mode input state |ψ undergoes losses, denoted by fiticious beam splitters with transmission η, and a phase shift ϕ resulting in an output state ρ ϕ . The output state is subjected to a general quantum measurement described mathematically by a positive-operator-valued measure (POVM). Finally, based on the measurement outcomes the value of ϕ is estimated with an estimator functionφ. measured phase shift. We also provide a quantitative link between the precision of local phase estimation in which we estimate a small deviation from a known operating point and the Wigner formalism. Specifically, we show that the quantum Fisher information which defines this precision can be lower-bounded by phase-space integrals containing expressions quadratic in respective Wigner functions and their derivatives. This paper is organized as follows. In Sec. 2 we briefly review quantum interferometry with a fixed number of photons. The loss transformation is discussed in Sec. 3. In Sec. 4 we apply the Wigner phase space formalism to describe the optimal states for local phase estimation. Sec. 5 analyses the effect of losses on the structure of those states. We derive an approximate analytical form of the loss transformation in the limit of large photon numbers which provides an intuitive argument for the asymptotic scaling of the phase estimation precision. Finally, Sec. 6 concludes the paper.
Interferometry with definite photon-number states
Consider the standard interferometer depicted in Figure 1 , where a fixed number of N photons distributed between two bosonic modes, that shall be described by the annihilation operatorsâ andb, is used to probe a relative phase shift ϕ between these modes. A general pure N -photon two-mode input stateˆ = |ψ ψ| for such an interferometer can be written as a state vector in the angular momentum representation
where the total spin is J = N/2 and individual basis states read in the number-state representation
i.e. the modes a and b carry J + m and J − m photons, respectively, and m = −J, −(J − 1), . . . , 0, . . . , J. In the above expression, the ket |vac denotes the vacuum state of the electromagnetic field. The relative phase delay between the arms a and b of the interferometer corresponds to the application of a unitary transform
wheren a =â †â is the photon number operator in the sensing arm a. The light in the interferometer also experiences losses described by a completely positive trace preserving map Λ(·), whose explicit form will be given in the next section. This map commutes with the phase shift so we can assume without a loss of generality that losses occur prior to phase shift. Finally, the phase-shifted two-mode output stateˆ ϕ =Û ϕ Λ(ˆ )Û † ϕ is subject to a general quantum measurement formalized as a positive-operator-valued measure (POVM). Based on the outcomes of these measurements the value of ϕ is estimated with an estimatorφ. In the case of local phase estimation, the performance of the measurement can be quantified with the quantum Cramér-Rao inequality [22] [23] [24] [25] , which provides a lower bound on the standard deviation
for any unbiased estimatorφ of the phase shift, optimized over all possible POVMs, that is, over all conceivable quantum measurements [22] [23] [24] . Here F Q [ˆ ϕ ] is the quantum Fisher information, which in principle depends on the true value of ϕ, and L ϕ is an operator called symmetric logarithmic derivative, implicitly given by equation
{ˆ ϕ ,L ϕ }, where { . , . } denotes an anticommutator. Note that Cramér-Rao inequality in general is saturable only for asymptotically large datasets, that is in the limit of infinite number of repetitions of the experiment [26] . Nevertheless, since for every finite number of repetitions it bounds the performance of any unbiased estimator from below, it is a useful tool for analysis of estimation protocols and we employ it in this work. Crucially, quantum Fisher information can be considered not only as a bound on precision but also as a measure of sensitivity of the state to a phase shift, thus relating these two concepts (see Appendix A).
In the lossless scenario when the attenuation map Λ(·) is trivial and given by identity, the density operator of the output state remains pure,ˆ ϕ = |ψ ϕ ψ ϕ | where |ψ ϕ =Û ϕ |ψ , and the quantum Fisher information takes the well-known form [20, 27] ,
Using the explicit form of the unitary transformationÛ ϕ given in Eq. (3), quantum Fisher information can be written as
2 ), i.e. quadrupled variance of the photon number in the sensing arm a. This variance is maximized for a N00N state of the form [6, 9] 
for which one has F Q = N 2 and consequently the estimation error is ∆φ = 1/N . The scaling of this lower bound is known as the Heisenberg limit providing a √ N enhancement in phase estimation with respect to the shot-noise limit ∆φ = 1/ √ N [20] .
Loss transformation
Apart from the fact that N00N states are difficult to prepare experimentally for higher N [10] , in the presence of photon loss they are no longer optimal for local phase estimation [11, 28] . The output state in a lossy scenario becomes mixed and it is necessary to use the general expression for the quantum Fisher information involving the symmetric logarithmic derivative given in Eq. (4). Let us start by writing explicitly the photon loss map Λ(·) in the angular momentum representation. We will assume that the power transmission for both the interferometer arms is the same and equal to η, i.e. the photon loss probability in each arm is 1 − η. For an arbitrary two-mode bosonic stateˆ , the map can be written as a double sum with two indices: L corresponding to the total number of lost photons and l specifying the number of photons lost from the arm a:
HereK
L−l are Krauss operators removing respectivelyl photons from the mode a and L − l photons from the mode b. They are given explicitly by [11, 12, 29 ]
Suppose now that the input stateˆ contains exactly N photons. The overall probability p N L that L photons have been lost is given by the binomial distribution
The conditional transformation of the input state for the loss of L photons in total can be described by a trace preserving completely positive map Λ N L (·), which maps the spin-(J = N/2) space onto a spin-(J = N /2) space, where N = N − L is the remaining number of photons. Furthermore, subspaces with different J are completely incoherent as the knowledge of the remaining photon number is in principle contained in the environment. Consequently, when starting from a state with a definite photon number N , the state after losses can be written as a direct sum
The explicit form of the maps Λ N L (ˆ ) can be obtained by rearranging Eq. (7) using the explicit form of the Krauss operators in Eq. (8) . After straightforward algebra one arrives at
where the action of the operator monomialâ lbL−l is given in the angular momentum representation aŝ
It is worth noting that although the map Λ Using the decomposition given in Eq. (10), the quantum Fisher information for the output stateˆ ϕ =Û ϕ Λ(ˆ )Û † ϕ can be written as a sum of contributions from individual spin subspaces,
This decomposition is possible owing to the fact that the probabilities p N L do not depend on the phase shift ϕ. For a pure input state containing exactly N photons,ˆ = |ψ ψ| with |ψ defined in Eq. (1), all the terms on the right hand side of Eq. (13) depend on a single set of probability amplitudes c m , m = −J, . . . , J. This makes the task of optimizing Eq. (13) a nontrivial matter. The most straightforward way to find the solution is to resort to numerical means [11, 12, [30] [31] [32] [33] .
In Fig. 2 we depict using the log-log scale the ultimate precision 1/ F Q [ˆ ϕ ] obtained by the numerical optimization of Eq. (13) over coefficients of the input state Eq. (1) as a function of the photon number N for several values of the interferometer transmission η = 50%, 70%, 90%, and 99%. As a reference, we show also as edges of grey outer regions the Heisenberg limit 1/N and the standard shot noise limit 1/ √ N for the lossless case when η = 1. Note that the shot noise limit for a lossy interferometer is given by 1/ √ ηN , which in the logarithmic scale of Fig. 2 corresponds to shifting the shot noise boundary by the amount corresponding to 1/ √ η. All numerical calculations for this and following plots were done using Mathematica 9. Fig. 2 shows that for low photon numbers the benefit of using optimal states is quite substantial, whereas for higher N the precision seems to follow shot-noise-type scaling, although improved by a multiplicative factor compared to the shot noise limit 1/ √ ηN . This observation is confirmed by a rigorous asymptotic analysis of the optimal precision scaling reported in [34] [35] [36] [37] , which shows that for sufficiently large N the precision approaches
These asymptotic expressions are shown as solid lines in Fig. 2 . It is seen that with decreasing transmission η the convergence to the asymptotic regime occurs for lower photon numbers N .
In the following we will analyze in detail the phase space picture of optimal twomode states for N = 10, 20, 30 and four values of the transmission parameter, marked as black dots in Fig. 2 . These examples cover different regimes, ranging from approaching closely the asymptotic limit given in Eq. (14) for η = 50% to remaining almost at the Heisenberg limit for η = 99%.
Wigner function of optimal states
Let us now discuss the Wigner phase space representation of optimal input states for quantum enhanced interferometry in the presence of two-arm photon loss. Our focus will be to identify graphically features that are behind the enhanced precision of phase estimation.
A general N -photon two-mode input probe stateˆ treated as a spin system with total angular momentum J = N/2 can be elegantly represented as a quasiprobability distribution function on a unit sphere S 2 parameterized with Ω = (θ, φ) ∈ S 2 using the spin Wigner function
The operatorŵ N (Ω) appearing in the above formula has matrix elements given explicitly by
where
Jm 2 , j(m 1 −m 2 ) are Clebsch-Gordan coefficients and Y j,m (Ω) are the standard spherical harmonics functions. Let us note that the highest degree of spherical harmonics occurring in the Wigner function for the spin-J system is j = 2J = N . In contrast to the standard Wigner function defined in the position-momentum plane which is typically normalized to one [38] , we will follow the convention to normalize the spin Wigner function W N (Ω) to 4π/(N + 1) [18] . Crucially, the spin Wigner function defined above has the traciality property [16, 18] , that is, for every two operatorsÂ,B acting on a system with total angular momentum J we have
WÂ(Ω)WB(Ω)dΩ, where WÂ(Ω) and WB(Ω) are spin Wigner functions of operatorsÂ andB respectively, calculated according to Eq. (15) . Fig. 3 depicts Wigner functions of the optimal input states for the combinations of the photon number N and the transmission η marked in Fig. 2 with black dots. It should be noted that the numerical optimization of the quantum Fisher information given in Eq. (13) leaves certain freedom regarding the choice of the phases of probability amplitudes c m in the decomposition of the optimal states defined in Eq. (1). In the numerical examples shown here, all the phases have been set to zero in order to make the graphic representation most lucid.
Let us recall that the phase shift defined in Eq. (3) corresponds to rotation of the sphere S 2 by an angle ϕ about the vertical axis passing through the poles θ = 0 and π. Intuitively, the sensitivity of the state to a phase shift, and therefore also precision of phase estimation, should be related to how much the respective Wigner function changes with respect to such a rotation. We will give a mathematical foundation to this intuition in Appendix A where we use the notion of superfidelity to derive a general lower bound on the quantum Fisher information explicitly in terms of the relevant Wigner functions.
It is seen in Fig. 3 that for the transmission parameter η = 50% the bulk of the quasiprobability is concentrated on the equator of the sphere S 2 . The width of the quasiprobability "lump" is noticeably reduced in the latitudinal direction, along which the phase shift occurs, at the cost of expansion along the longitude. This shape is reminiscent of the well known spin squeezed states [19] that have been exploited in quantum enhanced atomic interferometry [39] [40] [41] . With decreasing losses, the form of the Wigner function qualitatively changes, approaching for η = 99% what can be identified as the representation of the N00N state defined in Eq. (6). The two quasiprobability "lumps" on the poles of the S 2 sphere represent the component states |J, ±J and the coherence between these components results in a characteristic gear-like interference structure along the equator [42] .
The transition between the squeezed-like regime and the Heisenberg-limited regime can be visualized more clearly by plotting the cross-sections of the Wigner functions along the equator, shown in Fig. 4 using the same colour coding for the transmission parameter as in Fig. 2 . The gear-like structure for η = 99% has the oscillation period in φ equal to 2π/N , which corresponds to the highest degree of the spherical harmonics contributing to the Wigner function for a given N . With increasing losses, sensitivity to the phase shift, and by this also precision of phase estimation, originates more from the central peak of the quasiprobability distribution located at φ = 0. This central peak can be considered as a superposition of spherical harmonics with different oscillation frequencies along the equator of the S 2 sphere.
Phase space description of photon loss
In the preceding section we discussed qualitatively at the Wigner functions of the optimal input states for lossy interferometry. The actual precision of the interferometric measurement depends on how much the state of light changes with respect to the phase shift after the photon loss. As discussed in Sec. 3, the loss transformation maps an N -photon stateˆ onto an ensemble of states given byˆ family can be used to construct a lower bound on the quantum Fisher information. As we show in Appendix A, the bound is given by the following expression
that involves the derivatives of the Wigner functions W
(θ, φ) with respect to the azimuthal coordinate φ. The integration over the sphere S 2 takes the standard form in the coordinates (θ, φ):
The above bound is a direct consequence of the traciality property of spin Wigner functions.
In order to gain further insight into the structure of optimal states, in Instead of resorting to Eq. (11) to describe the conditional state after the photon loss, the loss transformation can be represented as a convolution map on the S 2 phase space. In order to obtain an explicit expression, we will start from the Wigner function for the stateˆ
and use the inverse relation to represent the input stateˆ in terms of its Wigner function,
Inserting Eq. (20) into Eq. (19) yields the convolution formula
with the integral kernel given by
Using the covariant form of the Wigner operatorŵ (2) displacement operator and the argument 0 denotes the north pole of the sphere S 2 , one can simplify the expression for the integral kernel given in Eq. (22) to the form
since the photon loss transformation commutes with SU(2) displacements [20] . Therefore we can keep only the first parameter of . In the context of the asymptotic precision limit for quantum-enhanced lossy interferometry, it is interesting to consider the approximate form of the integration kernel L N L (Ω) in the regime when the input photon number N , the lost photon number L, and the remaining photon number N = N − L are much greater than one. The derivation presented in detail in Appendix B yields the following asymptotic expression valid in this limit:
For the most probable number of lost photons, when
and the width equal to
which is exactly the asymptotic precision bound for quantum interferometry in the presence of two-arm photon loss given in Eq. (14) . In Fig. 6 we plot the integration kernel L N L as a function of polar angle for two different values of total number of photons N = 50 and N = 30 when the number of lost photons is equal to L = N/2. Such situation is meaningful for loss coefficient η = 50%. It can be seen that the exact formula Eq. (24) converges to the asymptotic one Eq. (25), in particular the widths of respective curves become the same. Additionally, we plot the lower bound for the quantum Fisher information given by Eq. (17) as an inset in Fig. 6 for two different loss coefficients η = 50% and η = 90%.
The above result shows that in the asymptotic regime for the most likely number of lost photons, L ≈ (1 − η)N , the oscillatory features of the Wigner function whose characteristic size is of the order lower than σ = (1 − η)/ηN will be lost. In particular, for the N00N state the fringe period of the gear-like structure on the equatorial ring is 2π/N and therefore it will be completely washed out. The narrowest width of structures that can be present in the Wigner function after the loss transformation is given by σ and this scale defines the ultimate sensitivity limit of a lossy interferometer. It is worth noting that the transmission-dependent factor (1 − η)/η is analogous to the one that characterizes "blurring" of the Wigner function of a single light mode sent through 
Conclusions
In the lossless case, the optimal state for N -photon two-mode quantum interferometry is the N00N state, which saturates the Heisenberg limit in the phase-estimation protocol. The phase-space representation of the N00N state in terms of the spin Wigner function shows a rich interference structure along the equator. For substantial losses, the optimal states exhibit squeezing in the latitudinal direction with the bulk of the quasiprobability located on the equator. Using the phase space picture, we have shown how optimal Nphoton states transit from the N00N states to spin-squeezed ones when the photon loss increases. We have found the integration kernel which describes the transformation of the phase-space distribution under photon loss. This transformation suppresses highorder spherical harmonics present in the phase space distribution, which results the fragility of NOON states with respect to photon losses. Furthermore, the width of the integration kernel corresponds to the asymptotically attainable precision in the limit of large photon numbers.
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Appendix A. Superfidelity bound
In order to assign a direct operational meaning to the Wigner function in the context of quantum metrology we will derive a lower bound on the quantum Fisher information containing solely quantities that can be expressed as traces of quadratic formulas in terms of the density operator. Such traces can be directly translated into phase space integrals of expressions that are quadratic in the corresponding Wigner functions.
The bound will be based on a relation between the fidelity F(ˆ ,σ) = || √ˆ √σ || 2 1 between two arbitrary normalized statesˆ andσ and the so-called superfidelity, which is given by [44] :
The superfidelity provides in general an upper estimate for the fidelity,
We will now apply the above inequality to a pair of infinitesimally close statesˆ ϕ and ϕ+δϕ . The left hand side can be related to quantum Fisher information through the formula
The above equation relates sensitivity of the state to small phase delays (measured by fidelity) and precision of phase estimation, given by quantum Fisher information. On the right hand side of Eq. (A.2), we will expand the superfidelity between the statesˆ ϕ andˆ ϕ+δϕ up to the second order in δϕ, which yields
Rearranging both sides of Eq. (A.2) implies that quantum Fisher information is bounded from below by
where we have converted the second term to a form that depends only on the purity Tr(ˆ 2 ϕ ). Both terms are quadratic in density matrices and can therefore be expressed as phase space integrals.
Let us now specialize the above general result to the phase measurement. For a phase shift transformation the purity remains constant and therefore only the first term in Eq. (A.5) is non-zero. Applying the inequality to the Fisher information for the conditional stateˆ
after the loss of L photons yields
Because the phase shiftÛ ϕ corresponds to the rotation of the corresponding Wigner function about the vertical axis by ϕ, the trace in the above formula can be written as
where we have used the traciality property of spin Wigner functions. Inserting Eqs. (A.6) and (A.7) into Eq. (13) yields Eq. (17).
Appendix B. Asymptotics of the loss transformation kernel
In order to obtain the approximate expression for the loss transformation kernel
in the limit of large initial number of photons N 1 and losses L = (1 − η)N so that N = N − L 1, we use the asymptotic expression for the angular momentum Wigner kernel in the N + 1 dimensional SU (2) irreducible subspace [45] ,
where n = (sin θ cos φ, sin θ sin φ, cos θ) andĴ = (Ĵ x ,Ĵ y ,Ĵ z ) are angular momentum operators. Performing a trivial integration we obtain where L = 2K + 1, and 
